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The central result of this paper is a generalization of the theorem that, for 
n > 5, every even permutation defined on n symbols is a commutator a b a-l b-l 
of even permutations a and b. In particular, [3n/4] < I Q n is shown to be the 
necessary and sufficient condition on I, in order that every even permutation 
defined on n z 5 symbols can be expressed as a product of two cycles, each of 
length 1. Various results follow, including the characterization of those 2 for 
which every odd permutation is a product of a cycle of length 2 and a cycle 
of length I + 1. 
I. INTRODUCTION 
In 1951 [2, Theorem 1, p. 3081, Oystein Ore showed that in the finite 
symmetric group Sym(n) each element of the alternating (commutator) 
subgroup Ah(n) is a commutator. Thus a given permutation P E Ah(n) 
can be expressed as a product R 0 (S 0 R-l 0 S-l) of two permutations 
belonging to the same conjugacy class in Sym(n). In the proof an expression 
is obtained in which the conjugacy class to which R belongs depends upon 
the conjugacy class of P. Ore also announced, and Ito published a 
proof [4], that for n > 5 each P E Ah(n) can be expressed as a commutator 
of permutations in Alt(n). Again the conjugacy class of R depends upon 
that of P, in the proof. 
In 1960 [l], J. L. Brenner proposed a problem equivalent to the question 
whether there exists a conjugacy class gn in A&(n), n > 5, such that 
Alt(n) = ga 0 g;l. Hsii Ch’eng-hao exhibited such a class in 1965 [3]. 
* This paper contains part of Chapter 1 of the author’s doctoral dissertation, written 
under the direction of Professor T. S. Motzkin at the University of California, Los 
Angeles. Presented to the American Mathematical Society on January 25, 1969, 
under a different title. See Notices 16 (1969), 239. 
368 
0 1972 by Academic Press, Inc. 
EVEN PERMUTATIONS AS A PRODUCT OF TWO CONJUGATE CYCLES 369 
The class is composed of permutations with two non-trivial cycles, as 
follows: 
(i) If n = 2m + 1, m 2 2, take Bn to be the class of all permutations 
conjugate to (1 2)(3 4 5 .** n - 2 n - l)(n). 
(ii) If n = 2m, m > 3, take gm equal to the class of all permutations 
conjugate to (1 2)(3 4 5 **. n - 1 n). 
It is well known that a conjugacy class in Sym(n) is in fact a conjugacy 
class in Alt(n) if and only if a representative permutation is even and does 
not correspond to a partition of n into distinct odd parts. Thus 9% is a 
class in Alt(n). 
For 1 < n, let CI denote the (self inverse) conjugacy class in Sym(n) of 
all permutations conjugate to (1 2 3 .*. I), i.e., the class consisting of each 
permutation with exactly one cycle of length 1 and n-l cycles of length one 
(using the “standard decomposition” into disjoint cycles). Our main 
purpose here will be to characterize those I for which Alt(n) = C1 0 CI . 
The fact that Alt(n) = C,, 0 C, was first proved in 1962 by A.M. Gleason 
[5, Prop. 4, p. 1721. 
Let 1 J?(P)\ denote the number of symbols moved by P E Sym(n), 
and Id*(P)\ the number of “non-trivial” disjoint cycles (length > 2) in 
the standard decomposition of P. Our results rest upon constructions 
which show that given P E Alt(n), P # identity, there exist two I-cycles 
A, B such that P = B 0 A, whenever 
I > Z(P) = I Jw I + I .*m 
2 - 
For all P E Alt(n), max l(P) = [3n/4]; and Z(P) is shown to be the minimum 
possible I for such a decomposition of P. 
II. LOWER BOUND FOR 1 WHEN Alt(n) = qz~%?z 
Let 1 c(S)1 denote the total number of cycles, including l-cycles, in the 
standard decomposition of S E Sym(n). All products of permutations are 
executed from right to left. 
LEMMA 1. Let S be any permutation in Sym(n), n > 2, and T a trans- 
position. Then ) c(S 0 T)I = I c(T 0 S)l = I c(S)/ + 1 if the two symbols 
moved by T belong to the same cycle of S, and I c(S 0 T)I = 1 c(S)\ - 1 
if the two symbols moved by T belong to dzferent cycles of S. 
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LEMMA 2. Suppose A = (ala, ... ar) and B = (bib, a.* bJ belong to 
Sym(n). Then 
l{a,}; n (6,); / = m > 1 =e 1 r(B 0 A)/ < m. 
Proof. We may assume that m < n, b, $ {ai}: and (by Lemma 1) 
that r, s > 3. Let j be the largest index for which bj = ai for some i. 
Then1 <j<s. 
(i)j=l am=1 and j c(BoA)l = 1. 
(ii) j = s - 1. 
Write 
Then 
Exactly m - 1 symbols among those of {b,~:~ are also in the set 
ial , a2 ,-.., ad-1 , b, , bj , ai+, ,-, a,}. Thus B 0 A contains at most m cycles, 
by repeated application of Lemma 1. 
(iii) 1 <j<s- 1. 
Here we may write 
B 0 A = (bi-lb,)(bj-2bj) *** (b&j)(blbj) 
@,a24 *.* ai-lbj+,bi+, **a b,-,b&~ai,, .*. a,). 
Again, exactly m - 1 symbols of {b, , b, ,..., bj-I} are among those of 
{a1 9 a2 7.-., 4-l 3 ai+ ,-..3 a,}. So B 0 A contains at most m cycles. 
THEOREM 1. For n # 4, let l(n) denote the smallest positive integer 
such that every permutation in Alt(n) can be expressed as aproduct of two 
l-cycles. Then l(n) > [3n/4], 
Proof. For n = 1,2 the conclusion is immediate. Given n > 3, there 
exist even permutations which move all n symbols. 
Since Jl(B 0 A) C d(B) u M(A), if I is to satisfy Alt(n) = %?l 0 V, there 
must be (many) pairs A, B of cycles of length I with n = 1 A(B) U .M(A)j. 
Then the number of symbols such pairs have in common is 21- n. Among 
the even permutations which move all n symbols, we describe those with 
the maximum number of disjoint cycles: 
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(i) n = 0 (mod 4): all members of the conjugacy class represented by 
(1 2)(3 4) *.* (n - 3 n - 2)(72 - 1 n). 
(ii) n = 1 (mod 4): the conjugacy classes represented by 
(12345)(67)(89).**(n- 1 n), for n 2 5, 
or 
(1 2 3)(4 5 6)(7 8 9)(10 11)(12 13) . . (n - 1 n), for n 3 9. 
(iii) n E 2 (mod 4): the conjugacy classes represented by 
(1 2 3 4)(5 6) a.* (n - 1 n) 
or 
(1 2 3)(4 5 6)(7 8)(9 10) -9. (n - 1 n). 
(iv) n = 3 (mod 4): the conjugacy class represented by 
(123)(45)(67)..+(n- 1 n). 
Note that each n # 4 yields even permutations which, if they contain 
exactly two disjoint cycles, have their cycle lengths unequal. Thus, for all 
n # 4, we must find pairs of l-cycles overlapping in 2Z- n > 1 symbols, 
and we may apply Lemma 2 with n in each residue class: 
(9 21-ngLl>-= 3n 2 4 [ -; 3n 1 4 
(ii) 21-n>++1 ~ l > 3(n - 1) , 4 .= [??I; 
(iii) 21-n 3 I$+1 312 3(nq2)+1= [G]; 
We remark that, for n = 4, the smallest possible value of 1 is 
2 < [$I = 3, 
since (1 2 3)(4) = (1 3) 0 (1 2) and (1 2)(3 4) = (1 2) 0 (3 4). 
In general, we see that, if P E Alt(n) can be expressed as a product B 0 A 
of two nondisjoint I-cycles, then 
I -W)I G l-44 u -4B)I = I4N + I 4B)I - I44 n 4@I. 
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Since / &‘(A) n &Z(B)1 > 1, the total number of cycles in B 0 A, 
considered as a permutation of 4(A) u k’(B), is < 1 &(A) n A(B 
by Lemma 2. A fortiori 
I c*(P)/ = I c*(B 0 4 G I JVA) n JWU; 
hence / JZ(P)j < 21- / d*(P) or 
* > I Jw)l + I .*v.l 
2 . 
LEMMA 3. Given P E Alt(n), 
l(P) = I Jw)I + I .*m 
2 
is an integer, and 
mpax Z(P) = [F]. 
III. CONSTRUCTION OF THE Two Z-CYCLES 
THEOREM 2. Let I > 0 be any integer satisfying 
I -+w)I + I fi*m < 1 < n 
2 ” 
with P E Alt(n). Then there exist l-cycles A, B such that P = B 0 A. 
Proof. W.l.o.g., assume that P # identity. The proof will proceed by 
constructing the appropriate l-cycles, where initially we show that 
j= I 4P)I + I fi*m 
2 
is admissible. The restrictions of A, and of B, to the symbols of each odd 
length cycle of P, and to the symbols of eachpair of even length cycles of P, 
are first defined. These restrictions are then “pieced together” to form 
cycles A, and B, which we show (are non-disjoint and) have the required 
length. Note that we need only construct the factorization for one member 
of each conjugacy class. 
Suppose that P, in its standard decomposition, has d > 1 non-trivial 
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odd length cycles: Xi = (x,.,~ xi,2 .-a x~,~(~) a** x~,~(~)) i = 1, 2,..., d, where 
Z(i) = 2h(i) - 1 > 3. Define A on the set {x~,~ 1 j # h(i)}, and B on the set 
{x~,~ 1 j # l} as in Fig. la, where the edges of the directed graph represen- 
tation of A are designated by solid arrows and the edges for B are given by 
broken arrows. For each symbol where A has been defined, P = B 0 A 
















Let Yi = (yiSl yi,2 *** yi,,u) ~0. JJ~,,~)), i = 1, 2 ,..., e, denote the even 
number of disjoint even length cycles of P; here m(i) = 2(&i) - 1) > 4, 
i = 1, 2,..., u and m(i) = p(i) = 2 for o + 1 < i < e (i.e., the trans- 
positions are listed last). For the symbols of each pair Y, , Yi+l with 
m(i), m(i + 1) >/ 4 define A on the set {Y~,~} u {JJ~+~,~ lj # ~(1’ + 1) - l} 
and B on the set { yS,i 1 j # p(i)} u { JJ~+~,~} as in Fig. 2a. Again P = B o A 
wherever A has been defined. For each pair of transpositions Yk , Y,,, 
define A on {YW , YU , Y~+~,~I and B on hl , Y~+~.~ , Y~+~.~) as in Fig. 3a. 
In case P has an odd number of transpositions (U is odd), define A and B 
on the symbols of the o-th cycle (even length >, 4) and on those of the 
first transposition by piecing together the first half of Fig. 2a and the last 
half of Fig. 3a in the obvious way. 
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Finally, we piece together the restrictions in such a way that both A and B 
become cycles of the same length. For this, define A and B on the remaining 
symbols of A(P) as follows: 
%3(i) -5 ~i+1.1 -L Xi.,m+1 for 1 < i < d - 1 (d > 2), 
A 
~dAc2) - ! 
Yl,dl) --% &Lm+1 3 if e > 0, 
x1.1 -a &Lm+1 9 if e = 0, 
Y&l A, Yi+l.l _A+ Yi.2 3 i=135 e-l, , , ,-*a, 
Yi.di)-1 A, 
B 
Yi+1.&+1) ---+ Yi,di) 3 i = 2,4,6 ,..., e - 2, 
A 
Ye.de)-1 - I 
x1.1 ---L Yede) , if d>l, 
Yl.dl) --% Ye464 9 if d = 0. 
Note that A and B each move xl,l and Ye,+ , P = B 0 A on all II symbols, 
and A and B each contain exactly one nontrivial cycle in their standard 
decompositions. 
The cycle of A is seen to have length 
Since m(j) + 2 = 2,4j) and Z(j) + 1 = 2h(j), (*) is equal to &#(P)I + 
( d*(P)\). Here we have used 
5 l(j) i- i m(j) = 1 A( 
5=1 3-l 
and d + e = 1 8*(p)!. 
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In the same way, the cycle length of B is also found to be 
We have thus shown that, given P, the minimum possible value for I is 
also admissible. The result will finally be proved for all integers I with 
+$(I &!(P)I + 1 c*(P)/) < I < n, if we show that we may increase this 
initial value of 1 by one unit at a time, at each step preserving P = B 0 A, 
until I reaches n. 
Referring to the appropriate directed graphs, we see that this step by 
step increase may indeed be carried out for A and B restricted to the 
symbols of 
(i) each non-trivial odd length cycle of P (Figs. lb, c, d), 
(ii) each pair of even length cycles (Figs. 2b, c, d, e; 3b). 
In case P has an odd number of transpositions, it should be clear 
from the figures how we may define A and B on the symbols of the v-th 
cycle (of even length 3 4) and on those of the first transposition. For 
example, the last step, with each symbol moved, is found by piecing 
together the first half of Fig. 2d and the last half of Fig. 3b. 
Let p1 5 pz ,...,pf be the symbols fixed by P. If P contains a pair of even 
length cycles (x.1 yl,z .a*) and (y,,, y2,2 a**), note that the following 
sequences occur within the cycles of A and B, when 
1 = +(I 4P>l + I .*(P)l): A = (..- ~1,1~2,1 -..I, B = (.*a ~2.1~1.2 -**I. 
Then the j-th step of the cycle length increases on the set (pi}: is defined 
by inserting p1 , pz ,...,pj as follows: 
If there are no even length cycles for P, replace yl,l by X&,+(d) , y2,1 by 
xi,1 , and ylS2 by xd,A(d)+l; the reSUlt is the same. 
COROLLARY 2.1. In Sym(n), n # 4, let WC denote the conjugacy class 
of all l-cycles. Then Alt(n) = Q, 0 %;l if and only if [3n/4] < 1 < n. 
If n is even, then n - k > [3n/4] if and only ifn 3 4k - 2. Zf n is odd, 
then n - k > [3n/4] if and only if n 3 4k - 3. 
Thus we may state: 
COROLLARY 2.2. Suppose n >, 10 is even, and n = 1 + k where k >, 3 
is odd. Then Alt(n) = Yl 0 V;l o I > 3k - 2. If n > 5 is oddandn = I + k 
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where k > 2 is even, then Alt(n) = V1 0 59;’ o 1 3 3k - 3. In each case V, 
is a self inverse class in Alt(n), for I so restricted. 
COROLLARY 2.3 (Ore [2] and Ito [4]). For n >, 5 every permutation in 
Alt(n) is a commutator of permutations in Alt(n). 
COROLLARY 2.4. Let k(n) denote the smallest positive integer such that 
every permutation in Alt(n) can be expressed as a product of four k-cycles. 
Then k(n) < [3n/8] + 1. 
Proof If [3n/4] is odd, we factor each even permutation into the 
product of two [3n/4]-cycles; if [3n/4] is even we factor each even permu- 
tation into the product of two [3n/4] + 1 cycles, according to Corollary 1. 
Each even permutation is thus factored into the product of two cycles of 
odd length. Now note that each cycle of odd length q can be factored into 
the product of two cycles of length p = $(q + l), since (1 2 *** q) = 
(p + 1 p + 2 *** q 1) 0 (12 em* p). For [3n/4] even, we may thus express 
every even permutation as the product of four cycles, each of length 
1 1 $ +2 
2 
= $ +1. 
[ I 
For [3n/4] is odd, we can factor every even permutation into the product 
of four cycles, each of length 
[ I ; +1 = 3n 
2 [ 1 -g +1. 
COROLLARY 2.5. If 1 is an even integer satisfying [3n/4] - 1 < 1 < n, 
then every odd permutation in Sym(n) can be expressed as a product of 
three l-cycles. 
Proof. Suppose first that [3n/4] < I < n, and let P be an Z-cycle. If 
Q is any odd permutation in Sym(n), P 0 Q E Alt(n). Thus P 0 Q = S 0 T, 
where S and Tare l-cycles. Since R = P-l is also an l-cycle, Q = R 0 S 0 T 
is the product of three Z-cycles. If [3n/4] - 1 is even, we choose symbols a, b 
(via the constructions of Theorem 2) in such a way that (a b) 0 Q = B 0 A, 
where B and A are (3n/4)-cycles, and B = (e-e b a **a). Then 
Q = ((ab)oB)oA, 
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where (a b) 0 B is a ([3n/4] - 1)-cycle. Furthermore, the [3n/4]-cycle A 
may be expressed as the product of two ([3n/4] - I)-cycles: for q odd, 
(123~*~q)=(X+1h+2h-l1X+3h-2~~*q-l3q21) 
0(lq2q-l3q--2*~*h+3A--2h+2X--lh), 
where A = (q + 1)/2 and the latter two cycles are each of length q - 1. 
IV, ODDPERMUTATIONS 
LEMMA 4. For n # 5, let Z(n) denote the smallest integer such that 
every odd permutation in Sym(n) can be expressed as a product of an l-cycle 
and an (I + I)-cycle. Then 
9 if n 2 1 or 2 (mod 4), 
I> [$1-l, if n 3 0 or 3 (mod 4). 
LEMMA 5. If Q is an oddpermutation in Sym(n), then 
I .NQ>l + I fi*<Q>I - 1 
is even, and 
3n 
I d<Q>l + I s*(Q)1 - 1 < [ I -;?- ’ if n z 1 or 2 (mod 4), 
2 [ 3n 1 - - 4 1, if nr0 or 3(mod4). 
THEOREM 3. Let Q be an odd permutation in Sym(n). Then, tf I is any 
integer satisfying 
Q may be expressedas a product B 0 A of an l-cycle B andan (I + l)-cycle A. 
Proof Case 1. Q contains a cycle (e-e a b c *a*) of length > 3. Then 
Q 0 (a b) E Alt(n) and contains (b)(*.* a c *a*). From the constructions 
given in the proof of Theorem 2 it is evident that Q 0 (a b) can be repre- 
sented as a product B 0 C of two cycles of length l, whenever 1 satisfies 
(I 4Q>l - 1) + I c*(Q)1 < l < n _ 1 
2 , 
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where a E &Y(C) and b 4 J(C). Thus 
Q = (Q 0 (a b)) 0 (a b) = B 0 (C 0 (a b)) 
may he expressed as a product B 0 A, where B is a cycle of length I and 
A=Co(ub)isacycleoflengthZ+ 1. 
Case 2. Q contains (an odd number of) transpositions, and (possibly) 
l-cycles. If Q is a transposition, the result is immediate. Otherwise 
Q = (ab)(cd) -me. Then Q o (b c) is even and contains .** (a b dc) *a* . 
Again, the constructions of Theorem 2 show that Q 0 (b c) may be repre- 
sented as a product B o C of two cycles of length 1, for each 1 satisfying 
I 4Q>l + (I fi*(Q)l - 1) < / < n _ 1 
2 , 
withbE~(C)andc4~(C).ThenQ=(Qo(bc))o(bc)=Bo(Co(bc)) 
may he expressed as a product B 0 A, B a cycle of length 1 and A = C 0 (b c) 
a cycle of length If 1. 
COROLLARY 3.1. For n # 5, every odd permutation in Sym(n) can be 
expressed as a product of an l-cycle and an (I+ Q-cycle if and onZy if 
[ I f <l<n-1, n = 1 or 2(mod4), 
[ 1 2.f -l<l<n--1 4 \ 1 3 n 3 0 or 3 (mod 4). 
REMARKS 
1. The conjugacy classes VgnlaI , consisting of all [3n/4]-cycles, are 
classes in Ah(n) whenever n 3 2,4, 5 or 7 (mod 8). These classes have 
cardinalities o(P/*). Are there classes an in Ah(n) such that 
Alt(n) = a’I, 0 S, and 1 i%* ( = o(n(n/2)+c), 
where c is a constant independent of n? 
2. In order that a class hp _C Sym(n) satisfy Alt(n) = V 0 ‘Z is it sufficient 
that a representative permutation in Q contain a cycle of length >, [3n/4]? 
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